This paper derived the expression to estimate the effective line moment mobility of a non-deterministic thin plate under moment excitation by a piezoelectric patch actuator. The piezoelectric patch actuator is assumed to generate purely line moments at each of its edges and regarded as a finite number of point moments acting on an infinite plate, which is achieved by integration method. The theoretical model is validated using MATLAB simulation and compared with experimental measurements on a randomized thin plate. The derived effective line moment mobility managed to closely estimate high-frequency response while cutting significant computational time and resource. Results from this study can be used in many applications ranging from vibration isolation where power transmission between the isolator with an area distribution and its host structure can be determined more accurately, and to design the optimal shunt circuit of a piezoelectric shunt damper for maximum power dissipation in order to reduce vibration of a non-deterministic thin plate.
Introduction
Non-deterministic substructures (Non-DS) are structures that are subjected to short wavelength, vibrates at the high-frequency range and produce a response that cannot be determined using a deterministic method. The term 'high' in high-frequency vibration is not merely numerical; it implies that the frequency range extends to many times the fundamental natural frequency of a structure under consideration. In Statistical Energy Analysis (SEA), modal overlap factor (MOF) is used to quantify the degree of overlap in modal response, i.e. the ratio of the half-power bandwidth to the local average interval between natural frequencies [1] . Hence:
where is the modal density, is the modal loss factor, frequency in rad/s, is the surface area of the structure, , ℎ and are the density, thickness and the flexural rigidity of the structure, respectively. At low-frequency range ( 1) , individual modal responses are distinctly visible therefore response can be effectively simulated using the conventional finite element method (FEM). The mid-frequency range (1 2) is when the modal response is beginning to overlap and 2 is the high-frequency range where: (i) the vibration response is increasingly sensitive to uncertainties [2, 3] and (ii) no distinct resonant peaks are visible in the response since the modal responses are combined to be broader peaks ( Fig. 1 ). Additionally, vibrations at higher frequency range has much smaller wavelength than the lower modes, which means i) higher number of degrees of freedom is needed to model the response that requires high computational time and cost, ii) the wave can efficiently propagate through smaller cracks in structures and later intensifies the damage [4] . The needs for Non-DS vibration control is therefore important, however scarce due to the complexity of modelling and implementation. [5] Fig. 1. Frequency response function of a rectangular plate to show modal overlap factor, MOF Piezoelectric (PZT) patch transducers have received significant attention for vibration analysis and control due to its unique direct and inverse PZT effect, making it possible to be used as actuator or sensor, with an addition of its small-volume, high-strength and high-stiffness properties. Connecting the terminals of a PZT patch (in sensor mode) to an external electrical circuit is called shunting, which capable of extracting vibration energy from the host structure and dissipate the energy through Joule heat, i.e. provide damping to the system [6, 7] . For this, the shunt circuit needs to be designed such that maximum power dissipation from the host structure can be achieved, usually through impedance matching technique.
The concept of mobility is normally used in the study of vibration isolation, particularly in determining the characteristics of power transmission over the contact region between the isolator and the host structure. Similarly, this knowledge can be applied to the concept of designing the optimal shunt circuit for PZT shunt damping; with the goal to maximize energy dissipation from a non-deterministic substructure [8] . In classical studies, the connection between the isolator and host structure is assumed to be point-like with the assumption that the excitation area is less than approximately one-tenth of a wavelength [9, 10] . For the apparent reason, this assumption is not accurate for PZT patch transducers in which the connection area generally has dimensions comparable to the governing wavelength and therefore has more complicated spatial distribution at the higher excitation frequency.
Fig. 2.
A shunted PZT patch acting on a non-deterministic plate. Impedance, as seen by the Non-DS, needs to be known to design the optimal shunt circuit The concept of surface mobilities has been introduced and derived throughout the years to better approximate power transmission between the contact region of source and receiver.
Hammer and Petersson in [11] introduced the concept of strip mobility to investigate power transmission to a thin plate excited by transverse strip excitation. Later, Norwood et al. [9] have developed the concept of surface mobility on a circular contact area using time-averaged input power and effective mobility. The work was extended to square-shaped contact area by Li et al. in [12] and Dai et al. in [13] by using a discretized model to find the effective point mobility and the corresponding surface mobility. In this paper, a multi-point connection model is employed through integration method to determine the effective line mobility of an infinite thin plate excited by line moments induced by a PZT patch actuator. For this, the PZT patch is assumed to generate purely line moments at each of its edges when attached to a host structure.
Modal model for randomized thin plate excited by a piezoelectric patch actuator
A thin plate attached with a PZT patch actuator as moment exciter is taken as a benchmark model for simulation studies. The PZT patch actuator is assumed to generate line moments only (no transverse force), along its four edges [14, 15] . A number of distributed point masses are introduced and located randomly on the thin plate to create uncertainties in the system i.e. making it a Non-DS. The PZT constitutive equation is:
where is stress vector, is the vector of electrical displacement, is the modulus of elasticity matrix, is the piezoelectric coupling coefficient and relates the stress to the applied electrical field, and is the dielectric permittivity matrix. The superscript , and indicates that the parameter was measured at constant electric field (short circuit) and strain, and matrix transpose, respectively. is strain and is electric field. For an isotropic, two-dimensional element:
where is a vector containing PZT strain coefficients, is [3×3] diagonal matrix consists of dielectric permittivity at constant stress, is Young's modulus, is Poisson's ratio, ( ) is voltage applied to the PZT patch, and is thickness of the patch. Lagrange equation is employed to obtain the total equation of motion for the thin plate excited by a PZT patch actuator: where = − , and and are the total kinetic and potential energies of the system, respectively and is the modal coordinate. The total kinetic energy of the randomized thin plate attached with a PZT patch is:
where is transverse displacement, is the density of the PZT actuator, is the area of the PZT patch and the term ( ,
is a product of Heaviside function which takes care of the presence of PZT patch on the plate. The term is mass per unit area of the point masses and the delta function ( − , − ) takes care of the spatial distribution of the point masses on the plate. The total potential energy of the system has contributions from the thin plate and PZT patch. The integration of product of stress and strain w.r.t volume of the system is:
where:
where is the shifted neutral axis measured from the plate center due to the single patch attachment.
, and are Young's modulus, thickness and Poisson's ratio of the plate, respectively. Integrating the product of Heaviside function and partial derivative for the last term in Eq. (11) will show that the PZT patch induces line moment along its edges in the following form:
where and represent the induced bending moment per unit length along the and -axis respectively. The terms ( − ) − and ( − )( − ) signify the line moment along x and y-direction on the edge of the patch, respectively. Since a simply-supported plate is used, the deflection of the plate during vibration can be assumed as the double series:
where is the modal coordinate, and are the length and width of the thin plate. The mobility between angular velocity at a point of the thin plate when excited by the induced line moment by PZT actuator are [15] :
, ,
where and , , represent the th and th element of the total modal mass and total complex modal stiffness; is used to account for structural loss where = (1 + ) and is modal loss factor of the plate. is the amplitude of induced bending moment by PZT actuator. Ψ , is the shape function for angular velocity i.e. first derivative of Eq. (17) with reference to and , respectively, i.e.:
Assuming the PZT patch is isotropic i.e. = and therefore has the same magnitude for both and directions:
Eqns. (18) to (21) can be simplified as: 
where , , is total the shape function of the line moment at each of the PZT edges which can be written as follows:
The angular velocity at one point on the plate due to the excitation of all the line moments is, therefore:
Therefore, the modal model for effective point mobility at th connection on a thin plate under moment excitation by a PZT patch actuator, assuming the moment excitation point is uniform along the line is:
Derivation of effective line moment mobility on an infinite thin plate
To acquire the effective line moment mobility, we must first derive the effective point moment mobility; that is the resulting angular velocity at one point on the plate by excitation moments from all connection points. Work by Ljunggeren in [16] had derived effective point mobility from expressions for point-excited fields where a source in the form of a force applied along an infinite line can be regarded as infinite number of point forces. Reasonably, one can acquire effective point moment mobility generated by a finite line moment on an infinite thin plate by following the same principle i.e. doing a definite integration of the angular displacement due to a point moment along the length of the line moment. The angular displacement at position ( , ), in response to a couple of point moment with orientation which acts on a rigid indenter fixed to the plate, is given by [10] as:
where ( ) ( ) is the second kind of Hankel function of the th order, ( ) is the second kind of modified Bessel function of the th order, = ℎ⁄ is the bending wavenumber, is the distance between the applied force and measured velocity, . The term is the angle between -axis and moment arm, . is the angle between -axis measured velocity and is the angle between -axis and the radius line that connects point ( , ) and ( , ). These notations are shown in Fig. 3 . The angular displacement at a point resulting from line moment excitation with length -can be taken as:
where and are finite numbers which account for the length of the line moment and is the distance between the response point and the moment excitation along the line:
Since angular velocity is taken at one fixed point ( , ), then the coordinate of the point moment will be the variable to be integrated. The effective point moment mobility, for the infinite thin plate at point on the line moment is therefore:
where , is the excitation moment at th connection point. Extending the same method to an infinite plate attached with a PZT patch actuator and considering pure line moments are induced at the edges as depicted in Fig. 4 , the effective point moment mobility at point ( , ) can be evaluated by considering the line moments separately and by using Eq. (31). (32)
The solutions for Eqs. (31) and (32) are obtained numerically using computational software. Since the mobility of an infinite plate gives approximately the mean response of the mobility of a finite structure [17] , Eqns. (31) and (32) will be validated with a randomized finite model (via Monte Carlo simulation) and with experimental studies shown in a later section. For comparison with the derived modal model, the effective point moment mobility for finite plate as in Section 1 is therefore Eq. (27) , and the corresponding effective line moment mobility can be derived as:
That is by integrating Eq. (27) w.r.t patch dimension for each of the edges. 
Simulation Studies
This section presents simulation studies done using MATLAB for validating the effective point moment mobility and effective line moment mobility for infinite plate as derived in Eqs. (31) and (32), by comparing them with effective point and line moment mobility on a randomized thin plate (Eqns. (27) and (33)). The mobility of an infinite plate can be approximated to the mean response of the mobility of a finite structure via Monte Carlo simulation. Therefore, 50 data ensembles for the finite model are taken and later averaged out and compared with the infinite model. Fig. 6 and Fig. 7 showed the comparison between finite and infinite effective point and effective line moment mobility, respectively. The estimation curves showed good agreement with the average responses for each case. It is important to note that the randomized finite plate still exhibit distinct modes at range < 2, therefore the response is still strongly dependent on the location of measurement and boundary conditions of the structure. At > 2 range, broader peaks can be seen, signifying high modal overlapping of the response. At this range, the response is highly sensitive to uncertainties, however boundary condition will have no effect and the average response will appear the same regardless of where measurement is taken. A smoother average response for the randomized plate can be achieved at this range by taking a higher number of ensemble for Monte Carlo simulation.
From this study, it is shown that the effective line moment of a non-deterministic thin plate can be estimated using double integration of infinite point mobility; i.e. integrating point moment mobility to get effective point moment mobility, and integrating the effective point moment mobility to get the effective line moment mobility. It is also worth to mention that the analytical model managed to significantly cut computational time compared to using the finite method via Monte Carlo simulation which requires high number of degrees of freedom for modal summation and large number of ensembles in order to model high frequency range response i.e. ~4 hours for Monte Carlo simulation vs. ~1 minute. 
Experimental measurements

Measurement of angular velocity at a point on a randomized thin plate
The purpose of this experiment is to verify the effective point moment mobility derived in Eq. (31), by measuring angular velocity at one edge of a PZT patch actuator acting on a randomized thin plate. Fig. 8 illustrates the sign convention to obtain angular velocity at one point on the plate by measuring the transverse velocity, using laser point vibrometer, and using the relationship:
(34)
In which the choice of should be a fraction of the bending wavelength of the highest frequency to be considered.
A thin rectangular aluminum plate (AA 1100) is rested on a frame to achieve simply-supported boundary conditions on all its edges. A piezoelectric patch model PPA1011 from MIDE is bonded on the plate with epoxy adhesives. Properties for both the plate and piezoelectric patch are compiled in Table 1 . A laser point vibrometer (LP01) is used to measure transverse velocity at one point on the plate, shown in Fig. 8 . A number of point masses are distributed on the plate using magnets to recreate uncertainties and randomization conditions to the system. For every experimental run, the location of these point masses will be randomized and later all the responses will be averaged to obtain the ensemble average. The total mass of these point masses is about 5 % of the mass of the plate. Fig. 9 shows the ensemble average of angular velocity measured at one point at the edge of the patch along . Ten ensembles are taken and averaged out for both simulation and from the experiment, and then compared on the same graph. The frequency range of interest is when of this system is larger than 2, which lies at >190 Hz using Eq. (1). From Fig. 9 , it is visible that the estimation derived in Eq. (31) (plotted in black (-)) estimates the > 2 range quite well with both experimental measurement and simulation. It is important to note that the response cannot be precisely the same due to uncertainties at high frequency and that we are only interested in the average amplitude and pattern for estimation purpose. A bit mismatch in the earlier frequency range can be seen which could be caused by the different stiffness of the system due to the attachment of piezoelectric patch and imperfect replication of simply-supported boundary condition. However, this shortcoming does not affect our study interest since boundary condition does not have any implication to the response at > 2. The above result can be improved by using a higher number of ensemble to get a better average response. 
Conclusions
The effective point mobility and the effective line mobility of a non-deterministic thin plate under moment excitation of a PZT patch actuator can be approximated to be the integration of point moment mobility along patch dimension as derived in Eq. (31) and integration of the effective point mobility as derived in Eq. (32), respectively. Results from this study can be used to design the optimal shunt circuit of a PZT patch on a non-deterministic thin plate via the impedance matching method, where impedance, as seen by the Non-DS due to the PZT patch, is needed, ideally to achieve maximum power dissipation from the non-deterministic thin plate. Theoretically, the same impedance should give the optimal circuit for high-frequency vibration-based energy harvesting for maximum power transfer. Furthermore, while it is computationally extensive to simulate high-frequency response using the finite element method, the analytical solution derived in Eq. (31) and Eq. (32) has managed to significantly cut computational time i.e. ~4 hours using Monte Carlo simulation vs. ~1 minute.
